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Abstract In this paper we study the singular values of the Fox–Li operator. Also, we
study some interactions of the Fox–Li operator with its periodic pseudo-differential
analogue in the spectral setting.
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1 Introduction
In the present paper the focus is on the singular values of the Fox–Li operator which
is defined for ω > 0 by
Fω f (x) =
1∫
−1
eiω(x−y)2 f (y)dy, −1 < x < 1, f ∈ L2((−1, 1), dy), (1.1)
where dy is the Lebesgue measure on (−1, 1). The Fox–Li operator was introduced
in [9]. A. Fox and T. Li considered the repeated reflection of an electromagnetic wave
between two plane-parallel rectangular mirrors. The current density at the surface
of each reflector satisfies an eigenvalue problem for an integral operator. As is well
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known, the Fox–Li operator is a compact operator from L2(−1, 1) into L2(−1, 1),
and its spectral decomposition is crucial in laser engineering. As has been pointed
out in [4], despite the intense research on the spectrum of Fω, little is rigorously
known about σ(Fω). L. A. Vainshtein gives an interesting result about σ(Fω) based
on arguments from physical aspects to arrive that the eigenvalues λn of the Fox–Li
operator are
λn 
√
π/ωeiπ/4 exp
(
−ζ(1/2)π
3/2n2
16
√
2ω2/3
− i π
2n2
16ω
)
,
where ζ is the Riemann zeta function. Numerical evidence indicates that the spectrum
of the Fox–Li operator lies in an spiral on the plane commencing near the point√
π/ωeiπ/4 and rotating clockwise to the origin. The precise shape of this spiral is
yet unknown. On the other hand, on the singular values of Fω, denoted by s(Fω)
and defined as the set of positive square roots of elements in σ(FωF∗ω) much more
information is known. For example, for ω > 0, s(Fω) ⊂ [0,√π/ω) (see [4]). Some
properties of the Fox–Li operator can be found in [1–4,6] where the authors have
studied the distribution of its eigenvalues, its singular values, the r -nuclearity of Fω
and its relation with other operators such as the Wiener–Hopf operator. In this paper
we study the singular values of Fω by defining its periodic analogue F ′ω on the one-
dimensional torus T1 = [−1, 1):
F ′ω f (x) =
1∫
−1
eiω(x−y)2 f (y)dy, x ∈ [−1, 1), f ∈ L2(T1). (1.2)
In the formula (1.2), dy = 2dμ,where dμ is the normalizedHaarmeasure on [−1, 1).
The operator F ′ω is certainly a multiplier on the commutative and compact Lie group
[−1, 1). In this paper we use the spectral information ofF ′ωF ′∗ω andwe deduce spectral
properties of FωF∗ω. In this paper we prove the following theorems:
Theorem 1.1 The set of the singular values of the Fox–Li operator is given by
s(Fω) − {0} = {|λn| : n ∈ N}, (1.3)
where λn is the complex number defined by
λn = 1
2
√
2
1∫
−1
eiωx
2
cos(πnx)dx . (1.4)
In the second section, we prove the following result:
Theorem 1.2 For every ω > 0 we have σ(F ′ω) ⊂ σ(Fω). Moreover,
tr(Fω) = tr(F ′ω) =
∑
λ∈σ(Fω)
mλ · λ, (1.5)
where mλ is the algebraic multiplicity of the eigenvalue λ.
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2 Singular values of the Fox–Li operator
Our starting point is the following theorem which summarize important properties of
Fω and F∗ω.
Theorem 2.1 Let ω > 0, Fω the Fox–Li operator and F ′ω its periodic analogue on
the one-dimensional torus. Then we have
1. FωF∗ω is trace class (nuclear).
2. σ(F ′ωF ′∗ω ) ⊂ σ(FωF∗ω).
3. F ′ωF ′∗ω is trace class (nuclear).
4. The spectrum of F ′ω it should be
σ(F ′ω) − {0} =
⎧⎨
⎩λn =
1
2
√
2
1∫
−1
eiωx
2
cos(πnx)dx : n ∈ N
⎫⎬
⎭ . (2.1)
Every λn, n = 0, has algebraic multiplicity equal to 2 and the multiplicity of λ0 is
1.
5. F ′ω f = λ f if only if F ′∗ω f = λ f .
6. Let us define |σ(F ′ω)|2 = {|λn|2 : λn ∈ σ(F ′ω)}. Then
|σ(F ′ω)|2 ⊂ σ(F ′ωF ′∗ω ). (2.2)
Moreover, if m(n) is the algebraic multiplicity of |λn|2 ∈ |σ(F ′ω)|2 as eigenvalue
of F ′ωF ′∗ω , then m(n) = 2 for n = 0 and m(0) = 1.
7.
tr(F ′ωF ′∗ω ) =
∑
j∈Z
|λ j |2. (2.3)
Proof Wepresent the proof of every statement in the ordermentioned above.We recall
that if T = [−1, 1) is the one-dimensional torus, its dual group is given by
T̂ = {ek(x) = 1√
2
eiπkx }k∈Z,
and the Fourier transform in L1(T) is the linear operator defined as
( f 	→ f̂ ) : f̂ (n) = 1
2
1∫
−1
en(x) f (x)dx, n ∈ Z.
1. That Fω is trace class was proved in [4] Theorem 1.1. The traceability of FωF∗ω
now follows from the fact that the class of nuclear operator is an ideal on the space
of linear bounded operators.
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2. Let us consider λ ∈ σ(F ′ωF ′∗ω ). Then, there exists g ∈ Ker(F ′ωF ′∗ω − λI ) ⊂
L2[−1, 1) such that
λg(x) =
1∫
−1
k˜(x, y)g(y)dy, −1 ≤ x < 1,
where k˜(·, ·) is the integral kernel of F ′ωF ′∗ω . Clearly g is a continuous function on
(−1, 1). So we have,
λg(x) · χ(−1,1)(x) =
1∫
−1
k˜(x, y)g(y) · χ(−1,1)(y)dy, −1 < x < 1.
Hence, we conclude that g(·) · χ(−1,1)(·) ∈ Ker(FωF∗ω − λI ).
3. Let us denote by m′λ the algebraic multiplicity of an eigenvalue λ of FωF∗ω and mλ
the algebraic multiplicity of an eigenvalue λ of the operator F ′ωF ′∗ω . We will prove
the following inequality
mλ ≤ m′λ, (2.4)
for every eigenvalue λ ∈ σ(F ′ωF ′∗ω ). In fact, if {gk}mλk=1 ⊂ L2[−1, 1) is an ortho-
normal basis of Ker(F ′ωF ′∗ω − λI ), then
{
gk · χ(−1,1)
}mλ
k=1 ⊂ L2(−1, 1) is an
orthonormal set in Ker(FωF∗ω − λI ) ⊂ L2(−1, 1). Thus
mλ = dim[Ker(F ′ωF ′∗ω − λI )] ≤ dim[Ker(FωF∗ω − λI )] = m′λ.
With the Eq. (2.4) in mind, and considering the item (2) mentioned above, we
obtain
tr(F ′ωF ′∗ω ) =
∑
λ∈σ(F ′ωF ′∗ω )
mλ · λ
≤
∑
λ∈σ(F ′ωF ′∗ω )
m′λ · λ
≤
∑
λ∈σ(FωF∗ω)
m′λ · λ = tr(FωF∗ω) < ∞.
4. By the Theorem 3.1 of the section three,F ′ω is a multiplier with symbol ̂(n)where
(x) = eiωx2 . Moreover, this theorem also implies that
σ(F ′ω) − {0} =
⎧⎨
⎩λn =
1
2
√
2
1∫
−1
eiωx
2
e−iπnx dx : n ∈ N
⎫⎬
⎭ .
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Since
λn = ̂(n) = 1
2
√
2
1∫
−1
eiωx
2
e−inx dx,
and considering that
∫ 1
−1 sin(πnx)e
iωx2dx = 0, we obtain the following formula
for all n ∈ N:
λn = λ−n = 1
2
√
2
1∫
−1
cos(πnx)eiωx
2
dx .
We will prove the second part of item (4). We recall that, by the proof of Theorem
3.1 that we give here, 1√
2
einx , 1√
2
e−inx ∈ Ker(F ′ω − λn I ). Since the sequence of
eigenspaces {Ker(F ′ω − λn I )}n∈N are mutually orthogonal, we conclude that for
f ∈ Ker(F ′ω − λn I ), 〈 f, 1√2eikx 〉 = 0, if n = k. But, by the Peter–Weyl theorem
(or Stone–Weierstrass’s Theorem) we have
f (·)=
∑
n∈Z
〈
f,
1√
2
einx
〉
1√
2
ein· =
〈
f,
1√
2
einx
〉
1√
2
ein·+
〈
f,
1√
2
e−inx
〉
1√
2
e−in·.
So, we conclude that for n = 0, mλn = dimKer(F ′ω − λn I ) = 2 for every n =
1, 2, . . .. From a similar argument we can see that mλ0 = dimKer(F ′ω −λ0 I ) = 1.
5. Straightforward computation.
6. If n ∈ N, and en(·) = 1√2ein(·), then
F ′ωF ′∗ω e−n = F ′ωF ′∗ω en = F ′ωλnen = λnF ′ωe−n = λnλ−ne−n = |λn|2e−n .
By a similar argument we can prove that F ′ωF ′∗ω en = |λn|2en . Now, we can use an
analogue argument as in (4) in order to prove that, for n = 0, {e−n, en} is a ortho-
normal basis of Ker(F ′ωF ′∗ω − |λn|2 I ). Thus, if m(n) is the algebraic multiplicity
of |λn|2 then m(n) = 2. Similarly, m(0) = 1.
7. By the Peter–Weyl theorem, every function f ∈ L2[−1, 1) can be written as
f (x) =
∑
n∈Z
〈 f, en〉en(x).
Now, since T = F ′ω is a bounded operator on L2[−1, 1) we get,
F ′ω f (x) =
∑
n∈Z
〈 f, en〉λnen(x) =
1∫
−1
(
∑
n
en(y)en(x)λn) f (y)dy.
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So, the kernel (x, y) := (x − y) = eiω(x−y)2 of F ′ω is given by
(x, y) =
∑
n∈Z
en(x)en(y)λn .
It is easy to see that, the kernel of F ′ωF ′∗ω is given by
k˜(x, z) =
1∫
−1
(z, y)(x, y)dy.
In this case, we can write
k˜(x, z) =
1∫
−1
[∑
n
en(x)en(y)λn
]
·
[∑
n
en(y)en(z)λn
]
dy
=
∑
n
en(x)en(z)|λn|2.
Finally, by using Theorem 3.3 we have
tr(F ′ωF ′∗ω ) =
1∫
−1
k˜(x, x)dx =
1∫
−1
∑
n∈Z
|en(x)|2|λn|2dx =
∑
n∈Z
|λn|2.
unionsq
Theorem 2.2 Let ω > 0, Fω the Fox–Li operator and F ′ω its periodic analogue on
the one-dimensional torus. Then σ(F ′ωF ′∗ω ) = σ(FωF∗ω).
Proof By using Theorem 3.3 we have that tr(FωF∗ω) = tr(F ′ωF ′∗ω ) =
∫ 1
−1 k˜(x, x)dx .
If we consider the results (1) and (3) of Theorem 2.1, we can use the Grothendieck-
Lidskii formula forFωF∗ω andF ′ωF ′∗ω . In fact, using this, that the eigenvalues ofF ′ωF ′∗ω
are non-negative reals, and item (2) of Theorem 2.1 we have,
0 ≤ tr(F ′ωF ′∗ω ) =
∑
λ∈σ(F ′ωF ′∗ω )
mλλ
≤
∑
λ∈σ(F ′ωF ′∗ω )
m′λλ
≤
∑
λ∈σ(FωF∗ω)
m′λλ = tr(FωF∗ω).
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So, we get
∑
λ∈σ(F ′ωF ′∗ω )
mλ · λ =
∑
λ∈σ(FωF∗ω)
m′λ · λ
=
∑
λ∈σ(F ′ωF ′∗ω )
m′λ · λ +
∑
λ∈σ(FωF∗ω)−σ(F ′ωF ′∗ω )
m′λ · λ.
From the inequality proved above, and using that mλ ≤ m′λ we conclude that the
following equation ∑
λ∈σ(FωF∗ω)−σ(F ′ωF ′∗ω )
m′λ · λ = 0. (2.5)
holds. Every term in the sum (2.5) in non-negative, therefore, Eq. (2.5) implies that
σ(FωF∗ω) − σ(F ′ωF ′∗ω ) = ∅. unionsq
Now, we have sufficient tools in order to prove our main theorem:
Theorem 2.3 For ω > 0, we have the following characterization of the spectrum of
F ′ωF ′∗ω ,
σ (FωF∗ω) − {0} = {|λn|2 : n ∈ N}, (2.6)
where
λn = 1
2
√
2
1∫
−1
eiωx
2
cos(πnx)dx .
Proof By Theorem 2.1, part (6) and Theorem 2.2 we give
|σ(Fω)|2 ⊂ σ(FωF∗ω) = σ(F ′ωF ′∗ω ).
From the proof of (6) in Theorem 2.1, we have m(n) = 2, n = 0 and m(0) = 1.
Therefore, for every λn ∈ σ(F ′ω), n = 0,
2|λn|2 = m(n)|λn|2.
So, we get
0 ≤ tr(F ′ωF ′∗ω ) = |λ0|2 +
∑
n≥1
2|λn|2
=
∑
|λn |2∈|σ(F ′ω)|2
m(n)|λn|2
≤
∑
λ∈σ(F ′ωF ′∗ω )
mλλ = tr(F ′ωF ′∗ω ).
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Since
∑
λ∈σ(F ′ωF ′∗ω )
mλλ =
∑
λ∈σ(F ′ωF ′∗ω )−|σ(F ′ω)|2
mλλ +
∑
|λn |2∈|σ(F ′ω)|2
m(n)|λn|2
we obtain ∑
λ∈σ(F ′ωF ′∗ω )−|σ(F ′ω)|2
mλλ = 0. (2.7)
Terms in sum (2.7) are alls non-negative, therefore, σ(F ′ωF ′∗ω ) − |σ(F ′ω)|2 = ∅. unionsq
Remark 2.4 Theorem 1.1 is an equivalent result to Theorem 2.3. The set of singular
values of Fω is defined as the set of positive square roots of points in σ(FωF∗ω). By
Theorem 2.3,
s(Fω) − {0} = {|λn| : n ∈ N}, (2.8)
where λn is the complex number defined by
λn = 1
2
√
2
1∫
−1
eiωx
2
cos(πnx)dx .
We end this section with the following result which is a relation of the spectral
information of Fω with the spectrum of F ′ω.
Theorem 2.5 For every ω > 0 we have σ(F ′ω) ⊂ σ(Fω). Moreover,
∑
λ∈σ(Fω)−σ(F ′ω)
mλ · λ = 0. (2.9)
In this theorem, mλ is the algebraic multiplicity of λ as eigenvalue of Fω.
Proof Let us consider λ ∈ σ(F ′ω). Then for some g ∈ Ker(F ′ω − λI ) ⊂ L2[−1, 1),
we have
λg(x) =
1∫
−1
(x, y)g(y)dy, −1 ≤ x < 1,
where (x, y) = eiω(x−y)2 is the kernel of F ′ω. Clearly g is a continuous function and
we get
λg(x) · χ(−1,1)(x) =
1∫
−1
(x, y)g(y) · χ(−1,1)(y)dy, −1 < x < 1.
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Hence, g(·) · χ(−1,1)(·) ∈ Ker(Fω − λI ). Now, we want proof equation 2.9. Since
 ∈ C∞(T), we have that ̂(n) ∈ S(Z), the discrete Schwartz space. Therefore, if
0 < r ≤ 1 we take k ∈ N satisfying kr > 1. Since |̂(n)| ≤ Ck(1+ |n|)−k, n ∈ Z we
have that
∑
n∈Z
|̂(n)|r ≤
∑
n∈Z
Crk (1 + |n|)−rk < ∞.
So, the operator F ′ω is r -nuclear for 0 < r ≤ 1. We can use the Grothendieck-Lidskii
formula and Theorem 3.3 to the operators Fω and F ′ω as follow
tr(F ′ω) = tr(Fω) =
1∫
−1
eiω0
2
dx =
∑
λ∈σ(F ′ω)
mλλ =
∑
λ∈σ(Fω)
mλλ.
unionsq
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Appendix
In this section we introduce the necessary background in harmonic analysis used in
the arguments mentioned above . Let G be a compact commutative group and let T
be an operator with kernel on G defined by
T f (x) =
∫
G
(xy−1) f (y)dy = ( ∗ f )(x), (3.1)
where dy is theHaarmeasure on G and f ∈ L2(G). If T is a Hilbert-Schmidt operator,
in this section we study the spectrum of T . As it is well known, T is a Hilbert Schmidt
operator if only if  ∈ L2(G), and in this case
‖T ‖2H S =
∫ ∫
G×G
|(xy−1)|2dxdy = ‖‖2L2(G). (3.2)
An important type of operators as in (3.1) are pseudo-differential operators of the
form
T f (x) =
∑
φ∈Ĝ
φ(x)a(φ) f̂ (φ), (3.3)
where Ĝ is the dual group of G. For these operators, the kernel is given in terms of
the symbol a by
(x, y) := (xy−1) =
∑
φ∈Ĝ
φ(xy−1)a(φ). (3.4)
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Now we present a known result on the spectral decomposition of multipliers in
abelian and compact groups. The case of the torus can be found in [11], Theorem
21.5. Spectral information of pseudo-differential operators on the torus can be found
in [5].
Theorem 3.1 If T is a Hilbert-Schmidt operator as in (3.1), then the spectrum σ(T )
of T is given by the Fourier coefficients of , i.e,
σ(T ) =
{
λφ =
∫
G
(x)φ(x)∗dx : φ ∈ Ĝ
}
∪ {0}. (3.5)
Moreover, If T is a pseudo-differential operator as in (3.3) we have that
σ(T ) = {λφ = a(φ) : φ ∈ Ĝ} ∪ {0}. (3.6)
Proof First we observe that
A :=
{∫
G
(x)φ(x)∗dx : φ ∈ Ĝ
}
⊂ σ(T ).
In fact, if φ ∈ Ĝ and considering the change y 	→ xy−1, we get
T φ(x) =
∫
G
(xy−1)φ(y)dy =
∫
G
(y)φ(yx−1)dy
=
∫
G
(y)φ(y−1)dy · φ(x)
=
∫
G
(y)φ(y)∗dy · φ(x)
= ̂(φ) · φ(x).
This shows that φ is a eigenfunction with corresponding eigenvalue λφ = ̂(φ) ∈ A.
Now, we will prove that
σ(T ) ⊂ A :=
{∫
G
(x)φ(x)∗dx : φ ∈ Ĝ
}
.
unionsq
Let us consider λ ∈ σ(T ), λ = 0. Then, for some φ ∈ L2(G), we have T ψ = λψ.
Since T is a Hilbert-Schmidt operator we consider  ∈ L2(G). Now, we consider the
projection of T ψ at φ:
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〈T ψ, φ〉 =
∫
G
T ψ(x)φ(x)∗dx
=
∫ ∫
G×G
(xy−1)ψ(y)φ(x)∗dydx
=
∫ ∫
G×G
(xy−1)φ(xy−1)∗dxψ(y)φ(y)∗dy
=
∫
G
ψ(y)φ(y)∗dy · ̂(φ) = ψ̂(φ)̂(φ).
Since 〈T ψ, φ〉 = λ〈ψ, φ〉 = λψ̂(φ) and considering that λ is non-trivial we obtain
that for some φ ∈ Ĝ, λ = ̂(φ).
For the second part of the proof, we consider T with kernel defined by
(xy−1) =
∑
φ∈Ĝ
φ(xy−1)a(φ).
In this case, if λφ = ̂(φ) is an eigenvalue of T, then
̂(φ) =
∫
G
(x)φ(x)∗dx
=
∫
G
∑
ψ∈Ĝ
ψ(xy−1)a(φ)φ(x)∗dx
=
∑
ψ∈Ĝ
a(φ)〈ψ, φ〉 = a(φ).
Every nuclear operator on L2(G) (i.e trace class) is a Hilbert-Schmidt operator,
therefore, the Grothendieck-Lidskii formula holds, i.e. the spectral trace coincides
with the nuclear trace. With this assumption in mind we obtain the following result.
Theorem 3.2 If T is a nuclear operator as in (3.1), then the nuclear trace of T, tr(T )
is given by
tr(T ) =
∑
φ∈Ĝ
mφ ·
∫
G
(x)φ(x)∗dx, (3.7)
here, mφ is the multiplicity of λφ. Moreover, If T is a pseudo-differential operator as
in (3.3) we obtain the formula
tr(T ) =
∑
φ∈Ĝ
mφ · a(φ). (3.8)
Equation (3.8) is a particular result of the Theorem 4.3 proved in [7]. The following
theorem is a known fact on the trace of a nuclear operator with kernel (see [7,8]).
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Theorem 3.3 Let (X, μ) be a σ -finite measure space. If T : L p(X, μ) → L p(X, μ),
1 ≤ p < ∞ is a nuclear operator with kernel k(x, y), then the trace of T is given by
tr(T ) =
∫
X
k(x, x)dμ(x). (3.9)
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